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Reliability and Nonlinear Supersonic Flutter of Uncertain
Laminated Plates
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It is the intent of this paper to study the geometrically nonlinear supersonic flutter characteristics of laminated
composite thin-plate structures using a 48 degree-of-freedom rectangular plate element developed on the basis
of the classical lamination theory. The aerodynamic pressure due to supersonic potential flow is simplified using
the quasisteady first-order piston theory. Another intent is to study the reliability of laminated thin plates with
structural uncertainties due to possible variabilities that occurred during the fabricating process. Interactive
effects between the in-plane load and aerodynamic pressure for the uncertain plates are also studied. The
stochastic finite element formulation is accomplished by including the effects of structural uncertainties. The
stochastic solution procedure is based on the mean-centered second-moment perturbation technique. To evalu-
ate the validity and to demonstrate the applicability of the present developments, a series of nonlinear free
vibration and supersonic flutter analyses of isotropic and laminated composite thin plates are performed. The
results quantify the effects of geometric nonlinearity on the mechanical behavior and structural reliability of the
present laminated plates. Efforts are made to interpret the results so as to provide physical insight into the
problems. Conversely, the present method and results may help to provide limits for the random variables to
control the fabrication process.

Introduction

P ANEL flutter in the supersonic flow falls in the category
of self-excited oscillations. Small-amplitude linear struc-

tural theory indicates that there is a critical dynamic pressure
value above which the panel motion becomes unstable and
grows exponentially with time, whereas the inclusion of a
geometrically nonlinear effect in the flutter analysis makes the
panel motion generally restrained and bounded into a limit
cycle oscillation.

Many investigators have studied the linear and nonlinear
panel flutter behaviors. Analytical techniques such as the
Galerkin method, direct integration method, harmonic bal-
ance method, and perturbation method have been used. A
thorough and definitive survey of such studies was given by
Do well.1'2 Another valuable monograph was written by Li-
brescu.3

In addition to these analytical methods, finite element meth-
ods have been used by many investigators. Some brief reviews
for such studies were given by, among others, Mei,4 Han and
Yang,5 and Sarma and Varadan.6 For the nonlinear supersonic
flutter analysis of thin-plate structures, most studies were
devoted to two-dimensional panels. Relatively fewer investiga-
tors treated the three-dimensional case, i.e., rectangular pan-
els with finite aspect ratio. For example, Han and Yang5

studied the nonlinear supersonic flutter behavior of simply
supported and clamped square plates.

For the obvious advantages such as the high strength-to-
weight ratio and high stiffness-to-weight ratio, etc., fiber-rein-
forced laminated composite materials have been increasingly
used in the design and fabrication of thin-plate structures. For
the laminated composite thin plates, although many aspects of
their physical behaviors, such as buckling, linear and nonlin-
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ear vibrations, and linear flutter, have been widely studied,
nonlinear flutter behaviors have been studied limitedly. It
appears useful to formulate a laminated thin-plate finite ele-
ment including geometric nonlinearity and aerodynamic pres-
sure to study the nonlinear supersonic flutter behavior of
laminated thin plates for practical applications.

Because of the difficulty frequently encountered in achiev-
ing quality control of manufacturing processes, structural
variabilities that are random in nature may occur. These pro-
cess-induced variabilities may include fiber size, volume frac-
tion of fibers, fiber orientations, thickness of each lamina,
and curvatures of the plate. Such variabilities will affect the
achievable performance of strengths and stiffnesses of the fin-
ished plates and will also influence their structural reliabilities.

Many investigators studied the effects of such variabilities
on the buckling, vibration, and flutter of thin-wall structures.
Some recent brief reviews for such studies can be found in,
among others, Refs. 7 and 8.

It is an objective of this study to investigate the effects of
random structural uncertainties on the nonlinear supersonic
flutter behavior and the reliability of uncertain laminated thin
plates. The random structural uncertainties considered include
modulus of elasticity, mass density, thickness, and fiber orien-
tation of individual lamina, as well as initial geometric imper-
fections of the entire plate.

In the design of thin-plate structures, such as a panel in a
wing, it is often necessary to consider the effect of in-plane
stresses. Such an effect on the natural frequencies was studied
previously by, among others, Mei and Yang.9 Such an effect
on the critical aerodynamic pressure or flutter speed was also
studied previously by, among others, Bisplinghoff and Ash-
ley,10 Sander et al.,11 and Han and Yang.5 It is apparently of
interest to study further the effect of in-plane stresses as a
random variable on the critical aerodynamic pressure or flut-
ter speed of the laminated thin plates with structural uncer-
tainties.

In this study, the formulation of the 48-degree-of-freedom
(DOF) rectangular laminated thin-plate element is based on
that first derived from a 16-DOF rectangular plate element12

and then a 48-DOF curved shell element.13 The classical lami-
nation theory is used. The effect of the transverse shear defor-
mations is neglected. The aerodynamic pressure due to super-
sonic potential flow is described by the quasisteady first-order

2304



LIAW AND YANG: FLUTTER OF UNCERTAIN LAMINATED PLATES 2305

piston theory.10 The structural and aerodynamic dampings
have a significant effect on the determination of the flutter
characteristics. Such an effect has been studied previously by,
among others, Librescu.3 However, the effect of structural
and aerodynamic dampings is not considered in this paper. In
such a case, a quasistatic rather than a quasisteady aerody-
namic supersonic theory is used.

The formulation includes the linear stiffness, initial stress,
incremental stiffness, mass, and aerodynamic matrices. These
matrices are random in nature, depending on the probabilistic
properties of the uncertainties. A solution procedure within
the framework of stochastic finite element method14'15 is de-
veloped based on 'the mean-centered second-moment pertur-
bation technique.

To evaluate the validity of the present finite element formu-
lation and solution procedure, two examples were studied, for
which alternative solutions are available for comparison. The
first example is a nonlinear free vibration analysis of a lami-
nated composite plate. The second example is a nonlinear
supersonic flutter analysis of an isotropic square plate. To
demonstrate the practical applicability of the present develop-
ment, three more examples were studied: 1) nonlinear super-
sonic flutter analysis of a laminated composite plate, 2) reli-
ability analysis of a laminated composite plate with structural
uncertainties, and 3) reliability analysis of a laminated com-
posite plate with structural uncertainties under random in-
plane loads. Interactive effects between the in-plane load and
aerodynamic pressure were also studied in the last example.

Based on the numerical results, the advantageous effects of
considering geometrical nonlinearity on the supersonic flutter
behavior and reliability analysis of the present uncertain lami-
nated plates are discussed.

Formulation
An earlier finite element formulation developed by the au-

thors for linear supersonic flutter and reliability analyses of
laminated thin-plate and shell structures7'8 is extended here to
include the effect of geometrical nonlinearity. The rectangular
element has 12 degrees of freedom at each of the four corner
nodes: u,ux, uy, uxy, v, vx, vy, vxy, w, wx, wy, and wxy where
u , v , and w are the displacements in the x,y, and z directions,
respectively. The linear stiffness formulation is derived based
on bicubic Hermitian polynomial functions for the u, v, and
w displacements, respectively, in the same fashion as those
derived in Refs. 12 and 13.

Equations of Motion
The equations of motion for a thin elastic plate element may

be derived using Hamilton's principle. The equations of mo-
tion for the element can be obtained as

The matrix [kT] is called the tangential stiffness matrix and is
written as

+N[a] + Vi[nJ \ [ a ] ) ( q } = {0}
(1)

where N is the initial in-plane stress, and [m], [k]9 [a], [HI],
[w2]> and [a] are the consistent mass, linear stiffness, initial
stress, first-order incremental stiffness, second-order incre-
mental stiffness, and aerodynamic matrices, respectively. The
aerodynamic pressure parameter X is defined as

A = •
1q

(2)

where q is the aerodynamic pressure and Mm is the Mach num-
ber. Equation (1) can be written in the incremental form as

X[«])(Aflr ) = (0) (3)

The previous equation can also be written as

= {0) (4)

[*rl= (BL+BNL(q)]>

[G]T[H][G]dA

V 1IB D] [BL + BNL(q)]dA

(5)

The matrices [BL] and [BNL(q)] relate the incremental strains
{de) to the incremental displacements {Aq } as

(6)

where [BL] is the same as that for the linear case. The strain-
displacement matrix due to geometrically nonlinear effect is
[BNL]. Matrices [G] and [H] were given by Kapania and
Yang.16 The consistent mass matrix can be obtained by follow-
ing a general procedure outlined in common text.17

The aerodynamic matrix can be derived by following the
procedure proposed by, among others, Sander et al.11 and
Han and Yang.5 In this study, the aerodynamic matrix is
formulated based on the two-dimensional quasisteady super-
sonic flow theory. The Mach number is limited to be approx-
imately beyond 1.6.

The random field of a single structural uncertainty is de-
scribed as a random amplitude multiplied by a deterministic
spatial function. The detailed formulation can be found in
Refs. 7 and 8.

By assembling the finite elements for the entire plate system
and applying the kinematic boundary conditions, the equa-
tions of motion for the entire system can be expressed in the
same form as Eq. (4) by capitalizing all of the symbols:

[M][AQ] + ([KT] = (0) (7)

Solution Procedures
To solve Eq. (7), the displacement vector is assumed as an

exponential function of time

(8)

where a is a complex number. By substituting Eq. (8) into Eq.
(7), the equations of motion become

(9)

where k = a2.
To solve the nonlinear eigenvalue Eq. (9), an iterative proce-

dure is used.4'5'18 For a given set of aerodynamic pressure X,
in-plane force TV, mode number, and maximum amplitude,
the iteration starts from a corresponding initial mode shape
obtained from linear flutter analysis, with amplitude scaled up
by a small factor. Based on this initial mode shape, the tangen-
tial stiffness matrix [KT] is formed, and an eigenvalue and its
corresponding eigenvector are found. This eigenvector is then
scaled up again, and the iteration continues until the conver-
gence criterion 1^1 for k is achieved:

10- (10)

where A£/ is the change in eigenvalue during the ith iterative
cycle.

As indicated by previous investigators,4'6 when X = 0, the
problem is reduced to that of finding the in-vacuo frequencies
for the nonlinear free vibration of plates. As dynamic pressure
X is increased from zero, two of these eigenvalues will usually
approach each other and coalesce to kcr at X = Xcr and become
a complex conjugate pair for X > Xcr. Here Xcr is considered to
be that value of X at which the first coalescence occurs for a
specific amplitude of the limit cycle oscillation.
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Results
To evaluate the present finite element formulation and solu-

tion procedure and to study the effects of various uncertain
parameters on the reliability and nonlinear supersonic flutter
behavior of laminated plates, a series of nonlinear free vibra-
tion and nonlinear supersonic flutter analyses of thin plates
were performed with results presented, discussed, and physi-
cally interpreted. Interactive effects between the in-plane force
and critical aerodynamic pressure were also studied with the
effects of various uncertain parameters included.

In all of the examples, a sufficiently fine Gaussian grid
(5 X 5) was used for numerical integration to obtain the ele-
ment linear stiffness, initial stress, incremental stiffness, mass,
and aerodynamic matrices. This grid was shown numerically
to be sufficiently fine and accurate for all of the present
examples. On the other hand, a convergence study of the finite
element meshes was conducted for each of the following ex-
amples. The mesh chosen for each example was among the
ones that yielded converged results as the mesh was succes-
sively refined. All calculations were carried out using a CY-
BER 205 vectorized supercomputer at Purdue University.

Nonlinear Free Vibration of a Simply Supported Laminated
Composite Square Plate

The example square plate studied was assumed as simply
supported with ux = uxy = v = vy = w = wy = 0 at x = ±L/2
and u = ux = vy = vxy = w = wx = 0 at.y = ±L/2. The length
L of the plate was assumed as 10 in. The laminate construction
was assumed as [Oi0/90i0] with thickness of each lamina equal
to 0.005 in. It is an antisymmetric cross-ply laminate. The
in-plane and bending stiffnesses in the x andj directions are
the same. The material of each lamina was assumed as a
graphite/epoxy with the following properties: EL = 30 x 106

psi, ET = 0.75 x 106 psi, GLT = 0.375 x 106 psi, VLT = 0.25,
p = 0.145x 10-3lb-s2/in.4.

Two 2 x 2 finite element meshes with appropriate boundary
conditions were used to model a quarter of the plate in analyz-
ing the nonlinear periods of the first and second modes, re-
spectively. For the first mode, the symmetric boundary condi-
tions along x = 0 and y = 0 were assumed as u - uy - vx = vxy
= wx = Wxy = 0 and uy = uxy — v = vx = wy - wxy = 0, re-
spectively. For the second mode, the symmetric boundary
condition along x = 0 and the antisymmetric boundary condi-
tion along y = 0 were assumed as u = uy - vx = vxy = wx
= Wxy = 0 and u = ux - vy = vxy = w = wx = 0, respectively.
The range for the amplitude ratio wmaK/h for both modes was
taken between 0 and 2. Figure 1 shows the results for the
period ratio of the first two modes (TNL/TL) of the plate. The

— Fi rst mode
••-- Second mode

:19
0.0

0,0 0.4 0.8 1 !2 1 .6
Ampl i tude ra t io wmax/h

2.0

Fig. 1 Period ratios (TNL/TL} for the first two modes of a simply
supported laminated [Oio/9010] square plate with various amplitude
ratios (wmyix/h).
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Fig. 2 Limit cycle amplitude vs aerodynamic pressure plots for a
simply supported isotropic square plate under various biaxial in-plane
loads TV.

period ratio for the fundamental mode was obtained previous
by Bhimaraddi19 using the one-term Galerkin method. His
results are also plotted for comparison. Excellent agreement is
seen. It is seen that the geometric nonlinearity has a similarly
pronounced effect on reducing the period of the second mode
as for the first mode.

Nonlinear Supersonic Flutter of a Simply Supported Isotropic
Square Plate

The example square plate studied was assumed as simply
supported with ux = uxy = v = vy. = w = wy = 0 at x = ±L/2
and u = ux = vy = vxy - w = wx = 0 at y = ±L/2. The length
L and the thickness h of the plate were assumed as 10 and 0.1
in., respectively. The material properties were assumed to be
those for 6061-T6 aluminum: E = 10 x 106 psi, v = 0.3, and
p = 0.254 x-10-Mb-sVin.4.

A 4 x 2 finite element mesh was used to model a half of the
plate. The boundary conditions along y = 0 were assumed as
uy = uxy = v = vx = wy = wxy = 0. Figure 2 shows the results
for the amplitude of the limit cycle oscillation of the square
plate vs the various aerodynamic pressures. Four values of
initial biaxial in-plane forces—N = 2ir2D/L2, 0, -2ir2D/L2

9
and —4ir2D/L2—were considered where D is the flexural
rigidity of the plate with D = Eh3/\2(\ - *>2). The problem
was studied previously by Do well1 using a time integration
method based on six modes. His results are also plotted for
comparison. The agreement is good. It is seen, as expected,
that the in-plane compression has an effect of reducing the
critical aerodynamic pressure in both linear and nonlinear
flutter analyses. It is also seen that the geometric nonlinearity
has an advantageous effect in increasing the critical aerody-
namic pressure.

Nonlinear Supersonic Flutter of a Simply Supported Laminated
Composite Square Plate

The example square plate studied was assumed as simply
supported with ux - uxy = v = vy•. = w = wy = 0 at x = ±L/2
and u = ux = vy = vxy = w = wx - 0 aty = ±L/2. The length
L of the plate was assumed as 10 in. The laminate construction
was assumed a^[90/ ±45/0]^ with the thickness of each lamina
equal to 0.005 in. The material of each lamina was assumed to
be graphite/epoxy with the following properties: EL - 20
x 106 psi, ET = 1.5 x 106 psi, GLT = 0.75 x 106 psi, VLT
= 0.25, and p = 0.145 x KT3 Ib-s2/in.4.

A 4 x 2 finite element mesh was used tp model a half of the
plate. The boundary conditions along y = 0 were assumed to
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of the initial geometric imperfection was assumed to be the
same as the critical buckling mode as

0.0
10 20 30

Dynamic pressure A

Fig. 3 Plots for limit cycle amplitude \s dynamic pressure for a
simply supported graphite/epoxy laminated [907 ±45/0], square plate
under various uniaxial in-plane loads.

be uy = uxy = v = vx = Wy = Wxy = 0. Figure 3 shows the re-
sults for the amplitude of the limit cycle oscillation of the
laminated square plate vs various aerodynamic pressures. Five
values of initial uniaxial in-plane forces were considered.
These were NCT9 Ncr/2, 0, -Ncr/2, and -NCT where NCT is the
critical uniaxial buckling load for the plate. It is seen that the
in-plane compression has an effect of reducing the critical
aerodynamic pressure in both linear and nonlinear ranges. On
the other hand, the in-plane tension has an effect of increasing
the critical aerodynamic pressure. As expected, the geometric
nonlinearity has an advantageous effect of increasing the crit-
ical aerodynamic pressure for all five cases.

Reliability of a Simply Supported Laminated Square Plate with
Structural Uncertainties

The reliability of an eight-ply [B\/B2/B3/B^S graphite/epoxy
laminated square plate with structural uncertainties was inves-
tigated. The geometric and boundary conditions of the square
plate and the material properties of each lamina were assumed
to be the same as those of the previous example.

The orientation of the fibers in each lamina was considered
as a random variable. Practically speaking, not all of the
fibers in the same lamina are oriented with exactly the same
angle. On the other hand, it would be computationally
formidable to treat each of the fibers in the same lamina as a
random variable. Thus the single random variable model as-
sumed in this study implies that all of the fibers have the same
orientation in the same lamina and are random in the same
fashion. Such a model neglects the mutually compensating
effects due to the uncertainties of each individual fiber, which
is certainly more conservative and yields relatively lower reli-
ability. The mean values of the fiber orientation 0/(i = 1,..., 4)
were assumed as 90, 45, -45, and 0 deg, respectively. The
standard deviation of the fiber orientation of each lamina was
assumed to be a(Q) = 5 deg.

The variability of the volume fraction of fibers was ac-
counted for using the modulus of elasticity as a random vari-
able. The other structural uncertainties include the thickness
of each lamina and the initial geometric imperfections over the
entire plate. The coefficients of variation (COV) for the mod-
ulus of elasticity and thickness of each lamina were assumed to
be COV(E) = 5% and COV(/z) = 5%, respectively. The shape

TTX Try
= &h cos —cos— (11)

where the x and y coordinates are parallel with the horizontal
and vertical edges of the square plate, respectively, and the
origin of the coordinates coincides with the center of the plate;
random variable 6 was assumed to be of Gaussian distribution
with zero mean and standard deviation of 0.05.

The standard deviations and coefficients of variation of the
critical aerodynamic pressure due to the aforementioned un-
certainties in each lamina of the plate were obtained using the
present stochastic finite element method. Thus the standard
deviations and coefficients of variation of the critical aerody-
namic pressure due to the correlated effect of uncertain

— Mean value
—-Standard deviat ion

-Ncr -Ncr/2 0 Ncr/2 NCp

0.0 10 20 30 40
Dynamic pressure A (ps|)

Fig. 4 Mean values and standard variations of critical aerodynamic
pressure for the simply supported graphite/epoxy laminated [907
± 45/0]s square plate with uncertain fiber orientations under various
uniaxial in-plane loads (zero correlated among all layers).

1 .0

• Mean vai ue
Standard deviation
-Ncr -Ncr/2 0 Ncr/2 Ncr

^0.8-

o0 .6 -
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CL> 0 .4 -
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0 . 0 L

0 10 20 30 40
Dynamic pressure /I (PSI)

Fig. 5 Mean values and standard variations of critical aerodynamic
pressure for the simply supported graphite/epoxy laminated [90/
±45/0]5 square plate with uncertain fiber orientations under various
uniaxial in-plane loads (fully correlated among all layers).
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parameters among all eight laminae can be obtained. Two
extreme conditions, zero and full correlations among all eight
laminae, were considered. For the fully correlated condition, a
single random variable was used to represent the uncertainties
in all laminae. It implied that the uncertainty through the
thickness was uniform. On the other hand, for the zero corre-
lated condition, an individual random variable was used to
represent the uncertainty in each lamina. The nonuniformity
of the uncertainty through the thickness was considered. In
that case, the effect of uncertainty on each lamina tended to
compensate for each other in a random fashion. Figures 4 and
5 show the mean values and standard deviations of the critiqal
aerodynamic pressure of the laminated plate with uncertain
fiber orientations under various; in-plane forces for zero and
fully correlated conditions, respectively. iThe effect of nonlin-
earity becomes apparent* the standard deviations are increased
when amplitude ratios are increased for all of the five in-plane
loading conditions and for both correlated conditions.

Based on the mean value and the standard deviation (or
coefficient of variation) of the critical aerodynamic pressure,
the probability distribution curv!e was obtained for the uncer-
tain parameter. The reliability for a specified aerodynamic
pressure could be obtained by integrating the portion of the
area on the right-hand side of the specified aerodynamic pres-
sure and under the probability distribution curve as shown in
Fig. 6. It is noted that the reliability is 0.5 when the specified
aerodynamic pressure is equal to the mean value of the critical
aerodynamic pressure, i.e., the probability of the critical aero-
dynamic pressure is 50% above and 50% below the specified
aerodynamic pressure.

Figures 6-8 show the reliability boundaries for supersonic
aerodynamic flutter for the plate with fiber orientations, mod-
ulus of elasticity, and thickness, respectively, as uncertain
parameters. The flow is assumed in the same direction as the
zero degree fiber (6 = 0 degj. It is seen that the reliability
boundaries are lowest as each random parameter occurred in
the second and seventh laminae where the fiber angle 6 = 45
deg. Obviously, the reliability is not only dominated by the
distance of the lamina from; the neutral surface along the
thickness direction but also by the fiber orientation of the
lamina relative to the flow direction. For example (see Fig. 6),
the reliability curve for layers 3 and 6 (with 6 = -45 deg) is
lower than that for the outmost layers 1 and 8 (with 0 = 90
deg). The effect on the reduction of reliability due to the
randomness of the fiber orientation for the layers with
6 = — 45 deg is obviously more dominant than that for the

.0-

COV(E)=0.05
— zero correlation among a l l layers
— F u l l correlation among a l l layers

zero correlation among all layers
full correlation among a l l layers

0.
0.95 0.96 0/97 0.98 0.99 1 .00

Nondimens i.ona-1 aerodynamic
pressure X/XCT

Fig. 6 Reliability of the simply supported graphite/epoxy laminated
[907 ±45/0]^ square plate in supersonic flow with uncertain fiber
orientations (N = 7VCr, wmax//i = 1.0, a(0) = 5 deg).

0.9-

0.8-

0̂.7-

0.5

Layer No.

0.95 0.96 0.97 0.98 0.99 1.00
Nondimens ional aerodynamic

pressure X/XCT

Fig. 7 Reliability of the simply supported graphite/epoxy laminated
[907 ± 45/0]5 square plate in supersonic flow with uncertain moduli of
elasticity (TV = 7Vcr, wmax//i = 1.0, COV(£) = 0.05).

COV(h)=0.05
........ Zero correlation among a l l layers
— Full correlation among a l l layers

'0.95 0.96 0.97 0.98 0.99 1.00
Nondimensional aerodynamic

pressure X/XCT

Fig. 8 Reliability of the simply supported graphite/epoxy laminated
[90/ ± 45/0]5 square plate in supersonic flow with uncertain thickness
(N = 7Vcr, wmax//* = 1.0, COV(/z) = 0.05).

layers with 8 - 90 deg. The reliability curve for layers 2 and 7
is obviously lower than that for layers 3 and 6 because layers
2 and 7 are further from the neutral plane and thus carry more
bending stresses, whereas all of the four layers have the same
fiber angle of 45 deg. It is also seen that the zero correlated
case results in higher reliabilities than the fully correlated case
due to the compensation effect among the laminas in a ran-
dom fashion.

Figures 9-11 show the reliability boundaries of the plate
with random geometric imperfections, uncertain mass density,
and uniformly distributed random in-plane loads, respec-
tively/Two values of coefficients of variation for the uncer-
tain amplitude of the geometric imperfection, COV(6) = 0.05
and 0.1, were considered. The value of the coefficient of
variation for the uncertain mass density was assumed to be
COV(p) = 0.05. Two values of standard deviations for the
uncertain in-plane load, a(N/Ncr) = 0.05 and 0.1, were consid-
ered. It is seen that these three uncertain parameters have the
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1 .0-r^

0.9-

0.8-

~§0.6H

0 . 5 . . . .
0.95 0.96 0.97 0.98 0.99 1.00

Nondimensional aerodynamic
pressure X/XCT

Fig. 9 Reliability of the simply supported graphite/epoxy laminated
[90/ ± 45/OL square plate in supersonic flow with uncertain amplitude
of geometric imperfections (N = 7VCr, H>max//i = 1.0).

.0

COV(p) -0 .05
—sing le layer uncertain
••--al l layers uncertain

0.9-

0.8-

=-0.7-

0.5
0.95 0.96 0.97 0.98 0.99 1.00

Nondimens ional aerodynamic
pressure

Fig. 10 Reliability of the simply supported graphite/epoxy lami-
nated [907 ± 45/0] s square plate in supersonic flow with uncertain
mass density (TV = 7Vcr, wmax/h = 1.0, COV(p) = 0.05).

obvious effects on reducing the structural reliability against
supersonic flutter. These effects are quantified in the figures
for the parameter values assumed. ;

In practical application, it is possible that all of the previous
uncertain parameters occur simultaneously in a certain ran-
dom fashion. Figure 12 shows the combined effects of all of
these uncertain parameters on the structural reliability bound-
aries for the subject plate in supersonic flow. Two sets of
coefficients of variation (or standard deviations) of the six
structural uncertain parameters were assumed, as listed in Fig.
12, to cover ranges of practical significance. Each uncertain
parameter was assumed to be zero or fully correlated among
all of the eight layers. It is seen that the two reliability curves
for the fully correlated case are significantly lower than the
two for the zero correlated case, respectively. Obviously, the
random compensation effects among the six uncertain
parameters with zero correlation tend to increase the reliabil-
ity. The fully correlated curve for case 2 as shown in Fig. 12

definitely yields much lower reliability than any individual
curve with only one uncertain parameter as shown in Figs.
6-11.

Nonlinear Supersonic Flutter of a Simply Supported Laminated
Square Plate with Structural Uncertainties Under Uniform and
Linearly Varying, Nonzero-Mean, Random In-Plane Loads

To study the interactive effects between the in-plane load
and aerodynamic pressure, the same plate was further studied
by including the random effect of nonzero-mean in-plane
loads. The mean values of the in-plane loads were varied from
- 7Vcr to 7Vcr. Two sets of coefficients of variation (or standard
deviations) for all of the six uncertain parameters were as-
sumed, as listed in Fig. 13. Both zero and full correlative con-
ditions among all of the uncertain parameters were considered.

Figures 13 and 14 show the mean values and the standard
deviations of the critical aerodynamic pressure in the form of
interactive stability boundaries, for the plates with amplitude
ratio of 1.0 and 2.0, respectively, under uniformly distributed

'0.95 0/96 0.97 0.98 0.99 1.00
Nond i mens i ona1 aerodynam i c

pressure X/XCT

Fig. 11 Reliability of the simply supported graphite/epoxy lami-
nated [90/±45/0]f square plate in supersonic flow with uncertain
in-plane compressive loads (N = 7Vcr, Wm*\/h = 1.0).

"0".90 0'.92 0.94 0.96 0.98 1.00
Nondimens ional aerodynamic

pressure X/Xcr

Fig. 12 Reliability of the simply supported graphite/epoxy lami-
nated [907 ± 45/OL square plate in supersonic flow with six uncertain
parameters (TV = 7Vcr, wmax//z =1.0).
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in-plane loads. The effects of these random parameters with
currently assumed values on the reduction of these stability
boundaries were quantified. It is apparent that, for case 2 with
full correlation condition, the boundary is significantly re-
duced. It is of interest to note that the relationship between the
critical aerodynamic pressure and the uniformly distributed
in-plane load is not too far from being linear for all cases in
both figures.

The general trends of the curves in Figs. 13 and 14 appear to
be similar. Although the standard deviations for the critical
aerodynamic pressure are larger in the case of amplitude ratio
Wmax/7* = 2.0 (Fig. 14) than those in the case of wmax/h = 1.0
(Fig. 13), the differences of coefficient of variation, defined as
standard deviation divided by mean values, between the two

case COV(E) COV(h) <r(0) COV(p) COV(tf) <r(N/Ncr)

zero correlation

fulI correlation

1.0 0.5 0.0 -0.5 -1.0
Middle surface load N/Ncr

Fig. 13 Interactive effects between uniformly distributed in-plane
load and aerodynamic pressure for the simply supported graphite/
epoxy laminated [90/±45/OL- square plate with six uncertain parame-
ters (Wmax/h = 1.0).

case COVCE) COV(h) <r(6) COV(p) COVU) <r(N/N<

zero correlation

ful I corre!at ion
20

1.0 0.5 0.0 -0.5 -1.0
Middle surface load N/Ncr

Fig. 14 Interactive effects between uniformly distributed in-plane
load and aerodynamic pressure for the simply supported graphite/
epoxy laminated [90/±45/0]s square plate with six uncertain parame-
ters (wmHX/h = 2.0).

case COV(E) COV(h) <r(&) COV(p) COV(<5) <r(N/Ncr)

zero correlation
fulI correlation

0.0 . 0.5
Middle surface

Fig. 15 Interactive effects between linearly distributed in-plane load
and aerodynamic pressure for the simply supported graphite/epoxy
laminated [90/±45/OJj square plate with six uncertain parameters
(M>max//f = 1.0).

case COV(E) COV(h) <r(6) COy(p) COV(6) <r(N/Ncr

zero correlation
ful1 correlation

0.0 0.5

Middle surface load N/Ncr
1.0

Fig. 16 Interactive effects between linearly distributed in-plane load
and aerodynamic pressure for the simply supported graphite/epoxy
laminated [90/±45/0]s square plate with six uncertain parameters
(wmax//r = 2.0).

cases are small. It is seen in both figures that, as the in-plane
compression increases, the mean value of the critical aerody-
namic pressure decreases, but the coefficient of variation of
the critical aerodynamic pressure increases. For example (see
case 2 with fully correlated condition in Fig. 13), the mean
value and the coefficient of variation of the critical aerody-
namic pressure of the plate under in-plane load N/Ncr = 0.5
are 30.8 psi and 0.16 ( = 4.8/30.8), respectively. The mean
value decreases and the coefficient of variation increases to
14.8 psi and 0.27 (-4.0/14.8), respectively, when the in-plane
load is -0.5. Such phenomenon implies that as the in-plane
compression is larger, the uncertain parameters have a more
pronounced effect on the critical aerodynamic pressure.

A problem of practical significance is the flutter of a rectan-
gular panel of a wing subjected to bending moments due to
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both lift and drag forces. As a result, the in-plane stresses are
not uniformly distributed. It is of interest to study a panel with
linearly varying in-plane stresses. Figures 15 and 16 show the
mean values and the standard deviations of the critical aerody-
namic pressure for the plates with amplitude ratio of 1.0 and
2.0, respectively, under linearly distributed in-plane loads.
Again, the effects of the currently assumed random parame-
ters on the reduction of these stability boundaries were quanti-
fied. It is interesting to see that the relationship between the
critical aerodynamic pressure and the linearly distributed in-
plane load is now far from being linear.

It is also seen in both figures that as the magnitude of the
linearly distributed in-plane load increases, the mean value of
the critical aerodynamic pressure decreases, but the coefficient
of variation of the critical aerodynamic pressure increases.
This phenomenon was also observed in Figs. 13 and 14.

Concluding Remarks
A 48-DOF rectangular stochastic laminated thin-plate finite

element with probabilistic material properties, uncertain ge-
ometry, and random in-plane loads has been formulated. The
solution procedure was based on the mean-centered second-
moment perturbation technique.

The current results have been compared with alternative
solutions in the deterministic cases of nonlinear vibration and
nonlinear supersonic flutter analyses. The effects of these
uncertain parameters on the nonlinear supersonic flutter and
reliability have been studied. The interactive effects between
the in-plane load and aerodynamic pressure were also studied
and quantified for the present sets of assumed random
parameters. Such interactive stability boundaries were shown
close to being linear when the in-plane load was uniformly
distributed and far from being linear when the in-plane load
was linearly distributed. It is also seen that as the magnitude of
the uniformly distributed in-plane compression or the linearly
distributed in-plane load becomes larger, the uncertain par-
ameters have a more pronounced effect on the scattering of
the critical aerodynamic pressure.

In this study, ranges of values for each random parameter
were assumed, and the results obtained quantify the effects of
these parameters on the reliabilities of the present laminated
plates subjected to in-plane force and supersonic aerodynamic
pressure. However, it is hard to evaluate the relative impor-
tance of these random uncertainties since these effects are
dependent on the specific values assumed. One must quantify
the practical ranges of values of these random variables as
based on the actual fabrication process. Conversely, based on
the method and results presented here, one could also give
limits of these random variables to control the fabrication
process.

These quantified data may also provide structural designers
with some physical insight into the effects of possible uncer-
tain parameters. Such physical insight and the quantified data
may be helpful in the design of more reliable laminated com-
posite plate structures.

The present formulation and solution procedure are general
and simple so that extensions can be made to include some
more interesting effects, such as transverse shear deformations

for thicker plates > aerodynamic nonlinearity, and structural
and aerodynamic dampings.
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